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ABSTRACT

In this paper we describe a GPU parallelizatiorthef 3D finite
difference computation using CUDA. Data accessimedncy is
used as the metric to determine the optimal impigai®n for
both the stencil-only computation, as well as tieemtization of
the wave equation, which is currently of greatriese in seismic
computing. For the larger stencils, the descritzggbroach
achieves the throughput of between 2,400 to o\@®@Bmillion of
output points per second on a single Tesla 10s&RU. This is
roughly an order of magnitude higher than a 4-ddaepertown
CPU running a similar code from seismic industiulti-GPU
parallelization is also described, achieving linsaaling with
GPUs by overlapping inter-GPU communication with
computation.

Categories and Subject Descriptors
D.1.3 [Concurrent Programming]: Parallel Programming.

General Terms
Algorithms, Performance, Measurement.

Keywords
Finite Difference, GPU, CUDA, Parallel Algorithms.

1. INTRODUCTION

In this paper we describe a parallelization of 8@ finite

difference computation, intended for GPUs and imgeted
using NVIDIA’s CUDA framework. The approach utiiz
thousands of threads, traversing the volume shieslibe as a 2D
“front” of threads in order to maximize data reusem shared
memory.  GPU performance is measured for the #tenly

computation (Equation 1), as well as for the finit#ference
discretization of the wave equation. The lattethis basis for the
reverse time migration algorithm (RTM) [6] in seism
computing.

An orderk in space stencil refers to a stencil that requiriegput
elements in each dimension, not counting the eléna¢nthe
intersection. Alternatively, one could refer toetBD orderk
stencil as a (8 + 1)-point stencil. Equation below defines the
stencil computation for a three-dimensional, ispico case.
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D! ., refers to data point at positiory,z), computed at time-step
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t, ¢ is a multiplicative coefficient applied to elemgit distance
from the output point.
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The paper is organized as follows. Section 2 revithe CUDA
programming model and GPU architecture. CUDA
implementation of the 3D stencil computation is ald in
Section 3. Performance results are presented otioBe4.
Section 5 includes the conclusions and some dinestfor future
work.
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Figure 1. A high-level view of GPU architecture.

2. CUDA AND GPU ARCHITECTURE

CUDA allows the programming of GPUs for parallehgmutation

without any graphics knowledge [5][7]. As shownFigure 1, a
GPU is presented as a set of multiprocessors, withhits own

stream processors and shared memory (user-managee)c The
stream processors are fully capable of executiteggar and single
precision floating point arithmetic, with additidrzores used for
double-precision.  All multiprocessors have accéssglobal

device memory, which is not cached by the hardwaviemory

latency is hidden by executing thousands of threadsurrently.

Register and shared memory resources are partitiamong the
currently executing threads. There are two majdferénces

between CPU and GPU threads. First, context simigchetween
threads is essentially free — state does not havebe

stored/restored because GPU resources are pagtitiosecond,
while CPUs execute efficiently when the number lokads per
core is small (often one or two), GPUs achieve lngHormance
when thousands of threads execute concurrently.

CUDA arranges threads into threadblocks. All theean a
threadblock can read and write any shared memocgtitm
assigned to that threadblock. Consequently, tisresithin a
threadblock can communicate via shared memory,sershared
memory as a user-managed cache since shared miatengy is
two orders of magnitude lower than that of globamory. A
barrier primitive is provided so that all threadsa threadblock
can synchronize their execution. More detailedcdpsons of



the architecture and programming model can be foundb]
[71[2].

The Tesla 10-series GPUs (Tesla S1060/S1070) corgai
multiprocessors, each multiprocessor contains &asting
processors (for a total of 240), 16K 32-bit registand 16 KB of
shared memory. Theoretical global-memory bandwidti02
GBI/s, available global memory is 4GB.

3. EFFICIENT 3D STENCIL

COMPUTATION ON TESLA GPUs

Utilizing memory bandwidth efficiently is key to garithm

implementation on GPUs, since global memory aceease not
implicitly cached by the hardware. We ussmory access

redundancyas a metric to assess implementation efficiency.

Specifically, redundancy is the ratio between thember of
elements accessed and the number of elements pedcesVhere
applicable, we refer toead redundancywhich does not include
writes in the access count. Write redundancy fmeeé similarly.
Ideally, read and write redundancies would be Lltt@r stencil-
only computation, overall redundancy would be 2.

Figure 2. 16x16 data tile and halos for order-8 steil in
shared memory

The naive approach to compute an okistencil refetches all 3
+ 1) input elements for every output value, leadiog3k + 1)
read redundancy. Our implementation reduces rezhayd by
performing calculations from shared memory. Silé&KB of
shared memory available per multiprocessor is nfficient to
store a significantly large 3D subdomain of a peofyla 2D tile is
stored instead (Figure 2). Extension of the comjar to the %
dimension is discussed in the next section. Tleread grouped
into 2D threadblocks to match data tiling, assignome thread
per output element. Given an orderstencil and nxm
threadblocks and output tiles, am€ k)x(m + k) shared memory
array is needed to accommodate the data as wellotirehalo
regions. Even though space 1drelements could be saved by
storing the halos separately (the folf2]x(k/2) corners of the
array are not used), savings are not significaough to justify
increased code complexity. Since halo elementsread by at
least two threadblocks, the read redundancy ofitgathe data
into shared memory arrays isrfqh + kn + km)/(nm). For
example, read redundancy is 2 for an order-8 dtevfén using
threadblocks configured as 16x16 threads (24x2#egh@emory
array). Increasing threadblock and tile dimensiéms32x32
reduces redundancy to 1.5, in this case threadblooktain 512
threads (arranged as 32x16), each thread compttiogoutput
values.

3.1 Extending the Computation to 3D

Once a 2D tile and halos are loaded into shared angneach
threadblock straightforwardly computes the 2D dtefar its
output tile. All the data is fetched from share@mory, the
latency of which is two orders of magnitude lowkan that of
global memory. There are two approaches to extdral
computation to three dimensions: two-pass and esipgbs.
These are similar to stencil approaches describmd Jell
processors in [1][4].

As the name suggests, the two-pass approach tesvirs input
volume twice. During the first pass only the 2Prstil values are
computed. The 1D stencil (in the remaining dimenjiis

computed during the second pass, combining it tith partial

results from the first pass. Consequently, reatimdancy is 3
plus redundancy due to halos — the first pass réladsand halos
into shared memory, the second pass reads thearigiput and
partial results. Returning to the example of asteos8 stencil and
16x16 tiles, read redundancy is 4. Since each s output,
write redundancy is 2. Overall redundancy is 6,jcWwhis an

improvement over the naive approach, which hasndahcy of
26 (counting reads and writes). Efficiency can foether

increased with the single-pass approach.

@ Used by at least 2 threads
Used only by thread (0,0)
s Used only by thread (0,1)
¢ (@l vsedoniyby thread (1,0)
1 () vsedoniyby thread (1,1)

Figure 3. Element re-use by a group of threads

The two passes described above can be merged sitgla one.
Let z be the slowest varying dimension. If we assighraad to
compute output values for a given column alango additional
shared memory storage is needed. Threads of a tiveadblock
coherently traverse the volume alangomputing output for each
slice. While the elements in the current slice aemded for
computation by multiple threads, elements in thgeslpreceding
and succeeding the current z-position are usedmnthe threads
corresponding to the elements, §) position (Figure 3). Thus,
input elements in the current slice are storedhiaresd memory,
while each thread stores the input from the prexgdicceeding
k/2 slices it needs in local variables (which in CAJBre usually
placed in registers). Using the case depicteddarE 3, the four
threads would access the 32 elements in the xyeftam shared
memory, while the elements along the z axis wowddstored in
corresponding thread’s registers. Once all theedtis in a
threadblock write the results for the current slicalues in the
local variables are “shifted,” reading in a newngdait at distance

(k2 + 1): thek local variables and shared memory are used as a

queue. Output is written exactly once, input iadrevith om +
kn + km)/(nm) redundancy due to halos. For example,
redundancy for an order-8 stencil with 16x16 tie8, compared
to 6 of the two-pass approach.
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4. EXPERIMENTAL RESULTS

This section describes experiments with two type&eonels —
stencil-only and finite difference of the wave et
Performance was measured on Tesla S1070 serversirdng
four GPUs each. S1070 servers were connectecusteclCPU
nodes running CUDA 2.0 toolkit and driver (64-bitHRL).
Throughput in millions of output points per secoiMpoints/s)
was used as the metric. Multi-GPU experimentsatse included
in this section, since practical working sets fdre tfinite-
difference in time domain of the wave equation excéthe 4GB
memory capacity of currently available Tesla GPUs.

The prototype kernels do not account for boundanddions. In
order to avoid out-of-bounds accesses, the didernel does not
compute output for the first and lakR slices in the slowest
dimension, while thé&/2 boundary slices in each of the remaining
4 directions are computed with data fetched at lustfaets.
Consequently, the 4 boundaries are incorrect ateadt one
“radius” of the stencil extends into inappropridia. Since the
intent of this study is to determine peak perforommwe chose to
ignore boundary conditions. Furthermore, boundagcessing
varies based on application as well as implemantatmaking
experiments with “general” code not feasible. While expect
the performance to decrease once boundary handlintegrated,
we believe performance reported below to be abigiandication
of current Tesla GPU capabilities.

4.1 Stencil-only Computation

Table 1 summarizes performance of the stencil-dwelsnel for
varying orders in space as well as varying inplame sizes. All
configurations were processed by 16x16 threadblogkerating
on 16x16 output tiles. Since tile size was fixdd halos for the
higher orders consumed a larger percentage of beadwidth.
For example, for the"Border in space, halos (four 4x16 regions)
consume as much bandwidth as the tile itself, f@add 2x read
redundancy. For the T2rder in space, read redundancy is 2.5x.
Using 32x32 tiles would reduce redundancy to 1.6d &.75X,
respectively.

Table 1. 3D stencil-only throughput in Mpoints/s fo various
orders in space

For fixed volume dimensions, throughput decreadhb increased
orders is largely due to higher read redundancyitiadal
arithmetic being another contributing factor. fdfixed order in
space, increased memory footprint of larger volumiéscts the
TLB performance (480x480x400 working set is 703Mmile
800x800%800 requires 3.8GB). While throughput ipdimts/s
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varied significantly across the configurations, neyrthroughput
in GB/s (counting both reads and writes) was mucbrem
consistent, varying between 45 and 55 GB/s.

4.2 3D Finite Difference of

Equation

Finite difference discretization of the wave eqomtis a major
building block for the Reverse Time Migration (RTNB][1], a

technique of great interest in seismic imaging. iI&/RTM has
been known since 1980s, until very recently its potational

cost has been too high for practical purposes. tDwlvances in
computer architecture and the potential for higigality results,
adoption of the RTM for production seismic compgtihas
started in the last couple of years. The stermdi-computation is
easily extended to the time-domain finite differeraf the wave
equation, second order in time (Equation 2 above).

the Wave-

In addition to reading data from the past two tisheps, array
(inverse of velocity squared, in practice) is addedhe input.
Computing an output element require&/2J + 4 floating point
operations and 4 memory accesses, not accountimgdandancy
due to halos. Therefore, ideal redundancy wouldtbeCUDA
source code for thé™order in space wave equation kernel (using
16x16 tiles and threadblocks) is listed in Appendlix

Table 2. 3D FDTD (8th order in space, 2nd order itime)
throughput in Mpoints/s

Performance measurements for th& 8rder in space are
summarized in Table 2. Two kernel versions werplémented.
The first one utilizes 16x16 threadblocks and outpiles
(redundancy is 5). The second implementation u32d16
threadblocks to compute 32x32 output tiles (redangas 4.5).
GPU performance is roughly an order of magnitudgn&i than a
single 4-core Harpertown Xeon, running an optimized
implementation of the same computation.

4.3 Multi-GPU Implementation of the Wave-

Equation Finite Difference

The working set for practical finite difference cpuatations
sometimes exceeds the 4 GB of memory available asingle
GPU. For example, processing a single shot (a wiit
computation for RTM) can easily require more thdh GB of
storage. It is therefore necessary to partitioa data among
several GPUs, at the same time scaling the perfurena For
simplicity we will examine a 2-GPU case, which is
straightforwardly extended to more GPUs.



Table 3. Multi-GPU 3D FDTD (8th order in space, 2d order in time) performance and scaling

#$%

#$% #$%

Given two GPUs and a computation of ortien space, data is
partitioned by assigning each GPU half the dataphet «/2)
slices of ghost nodes (Figure 4). Each GPU updttémlf of the
output, receiving the updated ghost nodes from rtaighbor.
Data is divided along the slowest varying dimensgm that
contiguous memory regions are copied during ghostlen
exchanges. In order to maximize scaling, we operthe
exchange of ghost nodes with kernel execution.hHage step is
executed in two phases, as shown in Figure 5hdritst phase, a
GPU computes the region corresponding to the ghadés in the
neighboring GPU. In the second phase, a GPU ezediie
compute kernel on its remaining data, at the samee t
exchanging the ghost nodes with its neighbor. &mch CPU
process controlling a GPU, the exchange involvesettmemory
copies: GPU->CPU, CPU->CPU, and CPU->GPU.
provides asynchronous kernel execution and memaopy calls,
which allow both the GPU and the CPU to continuecpssing
during ghost node exchange.
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Figure 4. Data distribution between two GPUs

Extending the 2-GPU approach to more GPUs douhkesdst of
ghost node exchange (each GPU has to communic#tetwo
neighbors). The increased communication costillseffectively
hidden for data sets large enough to warrant datétipning
among GPUs. Performance results (using 16x16 ted
threadblocks arranged as 16x16 threads) for up @PWs are
summarized in Table 3. As in the 2-GPU case, mgmopies
were optimized by partitioning data only along thlwest-
varying dimension. Measurements were collected am
Infiniband-connected cluster, where each CPU nodas w
connected to two Tesla 10-series GPUs (one halfladsla S1070
1-U server, containing 4 GPUSs).

CPU-GPU communication was carried out
cudaMemcpyAsync calls, using page-locked memoryhenCPU

CUDA

via

side. MPI was used to spawn one CPU process per GEPU
processes exchanged ghost nodes with MPI_Sendisy ca

Table 3 indicates that communication and computatioPhase 2
are effectively overlapped when using either 2 orGRUs.
Scaling is the speedup over a single GPU, achidwedhe
corresponding GPU number. Note that only the swaltase
(544x544x400 does not scale linearly with 4 GPUsis is due
to the fact that each GPU computes only 100 sliceBhase 2,
which takes significantly less time than correspogd
communication.  Our experiments show that commuioica
overhead is hidden as long as the number of gliee&PU is 200
or greater. Furthermore, we found that 2/3 ofdbemunication
time is spend in MPI_Sendrcv, the time for whictowd be
further reduced by using the non-buffered versionThe
superlinear speedup for the larger data sets isaltie decreased
pressure on TLB when a data set is partitioned grs®veral
GPUs — each GPU traverses a fraction of the addpes= that a
single GPU has to access.

Phase1

Phase 2

B
o 5 o

T T
send compute

Figure 5. Two phases of a time step for a 2-GPU
implementation of FD

5. CONCLUSTIONS AND FUTURE WORK
We have described a GPU parallelization approact8ib finite
difference stencil computation that achieves appmately an
order of magnitude speedup over similar seismiasty standard
codes. We also described the approach for utgizimultiple
GPUs to solve the problem, achieving linear scaliiifpy GPUs
by using asynchronous communication and computatidihis
allows for GPU processing of large data sets commaractice,
often exceeding 10 GB in size. There are at leestdirections
for further work. One, it would be interesting toodify the
parallelization to carry out several time-stepssiared memory
for the smaller stencils. Two, multi-GPU paraltelion could
also benefit from storing larger ghost regions eochputing more



than one time-step before communicating. This wobk
particularly interesting for the smaller data setahere
communication overhead is close to, or even gredten the
computation time.
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Appendix A: CUDA Source Code for a 25-Point Stencil

__global__  void fwd_3 D 16x16_order8(TYPE *g_output, TYPE *g_input, TYPE * g_vsq, // output initially contains (t-2) step
const int dimx, const int dimy, const int dimz)

{

#define BDIMX 16 /I tile (and threadblock) size in x
#define BDIMY 16 // tile (and threadblock) size iny
#define radius 4 /I half of the order in space (k/2)

_ shared__ float s_data[BDIMY+2*radius][BDIMX+2*radius];

int ix = blockldx .x* blockDim .x+ threadldx .x;

int iy = blockldx .y* blockDim .y + threadldx .y;

int in_idx =iy*dimx + ix; /I index for reading input

int out_idx = 0; /I index for writing output

int stride = dimx*dimy; /I distance between 2D slices (in elements)

float infrontl, infront2, infront3, infront4; /I variables for input “in front of” the current sl ice
float behind1, behind2, behind3, behind4; /I variables for input “behind” the current slice

floatcurrent; /l'input value in the current slice

int tx=  threadldx .x + radius; /I thread’s x-index into corresponding shared memor y tile (adjusted for halos)
int ty=  threadldx .y + radius; /I thread’s y-index into corresponding shared memor y tile (adjusted for halos)

/1 fill the "in-front" and "behind" data

behind3 = g_inputfin_idx]; in_idx += stride;

behind2 = g_inputfin_idx]; in_idx += stride;

behindl = g_input[in_idx]; in_idx += stride;

current =g_inputfin_idx];  out_idx = in_idxjn_id X += stride;
infrontl = g_input[in_idx];  in_idx += stride;

infront2 = g_inputin_idx];  in_idx += stride;

infront3 = g_inputin_idx];  in_idx += stride;

infront4 = g_inputin_idx];  in_idx += stride;

for (int i=radius; i<dimz-radius; i++)

M
/I advance the slice (move the thread-front)
behind4 = behind3;
behind3 = behind2;
behind2 = behind1;
behindl = current;

current = infrontl;

infrontl = infront2;

infront2 = infront3;

infront3 = infront4;

infront4 = g_input[in_idx];

in_idx += stride;
out_idx += stride;
__syncthreads();

i
/I update the data slice in smem

if (threadldx .y<radius) /I halo above/below
s_data] threadldx .y][tx] = g_input[out_idx-radius*dimx] ;
s_data] threadldx .y+BDIMY+radius][tx] = g_input[out_idx+BDIMY*dimx];
}
if (threadldx .x<radius) I 'halo left/right
s_data]ty][ threadldx  .x] = g_input[out_idx-radius];
s_data]ty][ threadldx .x+BDIMX+radius] = g_input[out_idx+BDIMX];

}

/I update the slice in smem
s_data]ty][tx] = current;
__syncthreads();

i

/I compute the output value

float temp = 2.f*current - g_output[out_idx];
float div = c_coeff[0] * current;

div += c_coeff[1]*( infrontl + behind1

+ s_datafty-1][tx] + s_data[ty+1][tx] + s_datalt ylltx-1] + s_data[ty][tx+1] );
div += c_coeff[2]*( infront2 + behind2

+ s_datafty-2][tx] + s_data[ty+2][tx] + s_datalt yl[tx-2] + s_data[ty][tx+2] );
div += c_coeff[3]*( infront3 + behind3

+ s_datalfty-3][tx] + s_data[ty+3][tx] + s_datalt yl[tx-3] + s_data[ty][tx+3] );
div += c_coeff[4]*( infront4 + behind4

+ s_datafty-4][tx] + s_data[ty+4][tx] + s_datalt yl[tx-4] + s_data[ty][tx+4] );

g_output[out_idx] = temp + div*g_vsq[out_idx];



